Abstract. We construct explicit examples of divisorially canonical Fano double spaces. Their direct products are birationally rigid Fano varieties with finitely many structures of a rationally connected fiber space.
Introduction 0.1. Rationally connected varieties. It is well known that a smooth projective curve, on which there are no global regular non-zero differential forms, is the projective line P 1 . A similar, although somewhat weaker, result holds in dimension two: a smooth projective surface S, on which there are no global regular non-zero covariant tensors, that is, H 0 (S, (T * S) ⊗m ) = {0} for m 1, is birationally equivalent to the projective plane P 2 , that is, this surface is rational. In particular, two-dimensional birational geometry is essentially concentrated on the single object, that is, the plane (because the global covariant tensors generate natural birational invariants), and thus two-dimensional birational geometry is essentially the geometry of rational surfaces. The main problems of birational geometry in dimension two study the structure of the two-dimensional Cremona group Cr P 2 = Bir P 2 and its action on the plane, for instance, on such natural objects as pencils of rational curves on P 2 . In spite of the seeming simplicity of the object (the projective plane), quite a few of those problems are very hard and some of them (like the conjecture on simplicity of the Cremona group) are still open.
The situation changes radically (and gets essentially more complicated) in higher dimensions. First of all, the objects of study, that is, algebraic varieties modulo birational equivalence, are much more numerous. For a variety, having no global regular covariant tensors no longer implies rationality. This was discovered in the early seventies when the Lüroth problem was attacked: in [2] , [4] , [7] it was shown that there exist unirational non-rational varieties. Since a pull back of a covariant tensor with respect to a rational map extends to a regular covariant tensor and on rational varieties there are no regular covariant tensors, the counterexamples to the Lüroth problem, constructed in the papers of Clemens and Griffiths, Iskovskikh and Manin, Artin and Mumford showed that it is impossible to characterize rational varieties in terms of differential geometry, similar to how it was done in the case of surfaces (see [1] for a more precise rationality criterion, the Castelnuovo rationality criterion).
The place in the general classification picture, which in dimensions one and two is occupied by rational curves and surfaces, in higher dimensions belongs to rationally connected varieties. An algebraic variety is said to be rationally connected if any two general points can be joined by an irreducible rational curve [3] , [6] , [9] , [11] . The rationally connected varieties make the main object of higher-dimensional birational geometry.
0.2. The phenomenon of birational rigidity. However, the difference between the low-dimensional and the higher-dimensional cases is not in the number of objects only. Together with the new objects new phenomena come. One of those is birational rigidity. The simplest way to explain what is birational rigidity is by the following two examples. The projective space P N has an immense group of birational self-maps Bir P N , a general hypersurface V N ⊂ P N of degree N , N 4 (which is a Fano variety and, in particular, is rationally connected) has the trivial group of birational self-maps Bir V N .
Furthermore, on the projective space P N there are infinitely many structures of a fibration into rationally connected varieties: it is enough to take a linear projection P N P k . On the hypersurfaces V N ⊂ P N for N 4 there are no non-trivial structures of a rationally connected fiber space, that is, there exists no rational dominant map ϕ : V S, where dim S 1 and the general fiber ϕ −1 (s) is a rationally connected variety of positive dimension.
The varieties which are similar by their birational properties to the hypersurfaces V N ⊂ P N for N 4 are called birationally rigid varieties. A precise definition (in terms of termination of adjunction of the canonical class) is given below. Today it is known that the "majority" of "typical" Fano varieties are birationally rigid. At the same time, since the known methods of proving birational rigidity make use of various conditions of general position, there are rather few explicit examples of birationally rigid varieties. The aim of this paper is to construct new examples of this sort. 0.3. The structure of the paper. The paper is organized in the following way. In Sec. 1 we briefly remind the "general theory" of birational rigidity: the condition of termination of the canonical adjunction, the definition of birational rigidity in terms of the thresholds of canonical adjunction, maximal singularities of linear systems, canonical and log canonical singularities of pairs, the connectedness principle of Shokurov and Kollár and, finally, the theorem on birational rigidity of Fano direct products
where V i are primitive Fano varieties, that is, smooth projective varieties of dimension at least three with the ample anticanonical class and Pic V i = ZK V i . A sufficient condition (although hardly a necessary one) of birational rigidity of the direct product V is the divisorial canonicity of each of the direct factors V i . In Sec. 2 we consider the family of Fano varieties, in which we will be looking for explicit examples of divisorially canonical varieties: the Fano double spaces σ :
We reproduce a proof of the fact that for a general (in the sense of Zariski topology) hypersurface W the variety X is divisorially canonical. The problem, however, is to produce explicit examples. It is shown that if one takes the Fermat hypersurface as the branch divisor W (the most obvious example of a smooth hypersurface), then the double cover X is not divisorially canonical.
We formulate the main result of the paper, writing down explicit equations of the hypersurface W that provide divisorially canonical varieties. These equations are obtained as a small deformation of the Fermat polynomial. In Sec. 3 for M 8 we prove the main result. Deforming the Fermat polynomial, we stay in the domain of smooth branch divisors, however get the regularity condition to be satisfied, which guarantees the divisorial canonicity. Our constructions are absolutely elementary.
The basis of the present paper is formed by the theorem on Fano direct products proved in [20] . The theorem was proved during the author's stay at Max-PlanckInstitut für Mathematik in Bonn in 2003. I would like to use this opportunity to thank the institute once again for the excellent conditions of work.
1. The Method of Maximal Singularities 1.1. Termination of the canonical adjunction. As we mentioned above, rationally connected varieties satisfy the condition of termination of canonical adjunction: for any divisor D the linear system |D + nK X | is empty for n ≫ 0. An important characteristic of the divisor D is the threshold of canonical adjunction which measures the moment of termination:
where a, b ∈ Z + are positive integers. Somewhat more formally, one can define the threshold of canonical adjunction in the following way. For a smooth rationally connected variety X consider the Chow group A i X of algebraic cycles of codimension i modulo numerical equivalence, A 1 X ∼ = Pic X, and set
R X be the closed cone, generated by effective classes, that is, the cone of pseudoeffective cycles. Now the threshold of canonical adjunction is the number
If Σ is a non-empty linear system on X, then we set c(Σ, X) = c(D, X), where D ∈ Σ is some divisor. 
V → S i be the projections onto the factors. Abusing our notations, we write
for some non-negative n 1 , . . . , n K ∈ Z + , and obviously
Unfortunately, the threshold of canonical adjunction is not a birational invariant. However, it generates a crucial birational invariant. Definition 1.1. For a movable linear system Σ on the variety X define the virtual threshold of canonical adjunction by the formula
where the infimum is taken over all birational morphisms X ♯ → X, X ♯ is a smooth projective model of the field C(X), Σ ♯ is the strict transform of the system Σ on X ♯ .
By Example 1.1(ii), the following fact is true.
Proposition 1.1. Assume that on the variety V there are no linear systems with the zero virtual threshold of canonical adjunction. Then on V there are no structures of a non-trivial fiber space into varieties of negative Kodaira dimension, that is, there is no rational dominant map ρ : V S, dim S 1, the fiber of general position of which has the negative Kodaira dimension. (ii) A variety V (respectively, a Fano fiber space V /S) is said to be birationally rigid, if for every movable linear system Σ on V there exists a birational self-map χ ∈ Bir V (respectively, a fiber-wise self-map χ ∈ Bir(V /S)), producing the equality
Below (Sec. 1.3) we will see how easy it is to describe birational geometry of a variety assuming its birational superrigidity.
Maximal singularities of linear systems.
The only way of proving birational (super)rigidity, known today, is by reducing the rigidity problem to a certain problem of bounding singularities of movable linear systems on a given variety. Assume that a smooth projective rationally connected variety V is not birationally superrigid. Fix a movable linear system Σ on V , satisfying the inequality
In particular, n > 0. By definition, there exists a birational morphism σ : V → V of smooth varieties such that
where Σ is the strict transform of Σ on V . Definition 1.3. An exceptional divisor E ⊂ V is called a maximal singularity of the system Σ, if the Noether-Fano inequality
holds, where ν E (·) is the multiplicity of the pull back of Σ on V along E and a(E) is the discrepancy of E.
Let us make the Noether-Fano inequality more explicit, putting it into the traditional form. Consider the centre B = ϕ(E) ⊂ V , an irreducible subvariety of codimension at least two.
Let
be a sequence of blow ups with irreducible centres B i−1 ⊂ V i−1 , which is uniquely determined by the following conditions:
In other words, the birational map V N V is biregular at the generic point of the divisor E N and transforms E N into E. Note that the varieties V 1 , . . . , V N , generally speaking, can be singular, since the centres B j of blow ups are not necessarily smooth. However, V j is smooth at the generic point of B j . By the symbol Σ j we denote the strict transform of the linear system Σ on V j . Set
On the set of exceptional divisors {E 1 , . . . , E N } we define in the usual way [7] , [13] [14] [15] [16] [17] [18] [19] the structure of an oriented graph: E i and E j are joined by an oriented edge (an arrow), if and only if i > j and
As usual, set for i > j the number p ij to be equal to the number of paths from E i to E j , p ij 1, and p ii = 1 by definition. Set p i = p N i . The Noether-Fano inequality takes the traditional form:
In the terminology of the minimal model program, the Noether-Fano inequality means that the pair (V,
There is an important stronger version of the Noether-Fano inequality, the log Noether-Fano inequality
If the inequality (4) is satisfied, the exceptional divisor E ⊂ V is called a log maximal singularity of the system Σ, or alternatively we can say that the pair (V,
The relevance of these concepts to the problem of birational rigidity comes from the following well known classical fact. Proposition 1.2. Assume that for a movable linear system Σ the inequality (1) holds. Then the pair (V, 1 n D), D ∈ Σ a generic divisor, is not canonical; that is, the system Σ has a maximal singularity.
All the known proofs of birational superrigidity have the following structure: assuming that V is not superrigid, one obtains a movable linear system Σ with a maximal singularity, which, however, leads to a contradiction. To make this scheme more formal, recall Definition 1.4. We say that a primitive Fano variety F is divisorially canonical, or satisfies the condition (C) (respectively, is divisorially log canonical, or satisfies the condition (L)), if for any effective divisor D ∈ |−nK F |, n 1, the pair
has canonical (respectively, log canonical) singularities. If the pair (5) has canonical singularities for a general divisor D ∈ Σ ⊂ |−nK F | of any movable linear system Σ, then we say that F satisfies the condition of movable canonicity, or the condition (M ). Explicitly, the condition (C) is formulated in the following way: for any birational morphism ϕ : F → F and any exceptional divisor E ⊂ F the following inequality
holds. The inequality (6) is opposite to the Noether-Fano inequality (2) . The condition (L) is weaker: the inequality
is required. Proposition 1.3. Assume that a primitive Fano variety F satisfies the condition (M ). Then F is birationally superrigid.
Proof. This is obvious in view of Proposition 1.2.
The conditions (L) and (C) will be needed a bit later.
In the last years, the connectedness principle [10] , [21] became an important and efficient tool in the theory of birational rigidity. The following fact is a particular case of the general connectedness principle [10, Theorem 17.4]. Proposition 1.4 (Shokurov, Kollár) . Let x ∈ X be a smooth germ and
an effective Q-divisor (d i ∈ Q + for all i ∈ I). Let ϕ : X → X be a resolution of singularities of the pair (X, D), in particular, the support of the divisor D is a divisor with normal crossings. Write down
where E j ⊂ X are prime divisors (either exceptional divisors of the morphism ϕ, or components of the strict transform D). Then the divisor
is connected in a neighborhood of every fiber of the map ϕ.
Proof. See [10, Chapter 17] . Note that the main ingredient of the proof is the Kawamata-Viehweg vanishing theorem [5] , [8] , [22] .
One of the main implications of the connectedness principle is the so-called inversion of adjunction. In the general form inversion of adjunction is formulated and proved in [10, Chapter 17] . We use a particular case of this general fact. Proposition 1.5 (inversion of adjunction). Let x ∈ X be a smooth germ, as above, and
Assume that the point x is an isolated centre of a non-canonical singularity of the pair (X, D) , that is, the pair (X, D) is not canonical, but its restriction onto X \{x} is canonical. Let R ∋ x be a smooth divisor, R ⊂ Supp D. Then the pair
is not log canonical at the point x.
1.3. Fano direct products. Using the technique of the method of maximal singularities and inversion of adjunction, the following fact was proved in [20] . Theorem 1. Assume that primitive Fano varieties F 1 , . . . , F K , K 2, satisfy the conditions (L) and (M ). Then their direct product
The aim of this paper is to produce explicit examples of divisorially log canonical primitive Fano varieties, which by Theorem 1 give examples of birationally superrigid Fano direct products. The problem is, only a general member of a family of Fano varieties can be expected to be divisorially canonical (as we will see in Sec. 2), and it is not quite easy to prove that a particular Fano variety (given by a particular equation) satisfies the conditions of general position. But before starting to look for explicit examples, let us demonstrate how birational superrigidity makes it possible to describe rationally connected structures on V . Corollary 1.1. (i) Every structure of a rationally connected fiber space on the variety V is given by a projection onto a direct factor. More precisely, let β : V ♯ → S ♯ be a rationally connected fiber space and χ : V V ♯ a birational map. Then there exists a subset of indices I = {i 1 , . . . , i k } ⊂ {1, . . . , K} and a birational map α :
is the natural projection onto a direct factor. In particular, the variety V admits no structures of a fibration into rationally connected varieties of dimension smaller than min{dim F i }. In particular, V admits no structures of a conic bundle or a fibration into rational surfaces.
(ii) The groups of birational and biregular self-maps of the variety V coincide: Bir V = Aut V . In particular, the group Bir V is finite.
(iii) The variety V is non-rational.
Proof. Let us prove the claim (i). Let β : V ♯ → S ♯ be a rationally connected fiber space, χ : V V ♯ a birational map. Take a very ample linear system Σ ♯ S on the base S ♯ and let Σ ♯ = β * Σ ♯ S be a movable linear system on V ♯ . As we have mentioned above (Example 1.1(ii)), c(Σ ♯ ) = 0. Let Σ be the strict transform of the system Σ ♯ on V . By our remark, c virt (Σ) = 0, so that by Theorem 1 we conclude that c(Σ) = 0. Therefore, in the presentation
We may assume that e = 1. Setting S = F 2 × · · · × F K and π : V → S to be the projection, we get Σ ⊂ |π * Y | for a non-negative class Y on S. But this means that the birational map χ of the fiber space V /S onto the fiber space V ♯ /S ♯ is fiber-wise: there exists a rational dominant map γ : S S ♯ , making the diagram
be the corresponding fiber, F χ z ⊂ V its strict transform with respect to χ. By assumption, the variety F χ z is rationally connected. On the other hand,
where F = F 1 is the fiber of π. Therefore, the fiber γ −1 (z) is also rationally connected.
Thus we have reduced the problem of description of rationally connected structures on V to the same problem for S. Now the claim (i) of the corollary is easy to obtain by induction on the number of direct factors K. For K = 1 it is obvious that there are no non-trivial rationally connected structures (see Proposition 1.3). The second part of the claim (i) (about the structures of conic bundles and fibrations into rational surfaces) is obvious since dim F i 3 for all i = 1, . . . , K. Non-rationality of V is now obvious, either.
Let us prove the claim (ii). Set RC(V ) to be the set of all structures of a rationally connected fiber space on V with a non-trivial base. By the part (i) we have
Now the set RC(V ) has a natural structure of an ordered set: α β if β factors through α. Obviously, π I π J if and only if J ⊂ I. For I = {1 . . . , K} \ {e} set π I = π e , F I = S e . It is obvious that π 1 . . . , π K are the minimal elements of RC(V ).
Let χ ∈ Bir V be a birational self-map. The map
is a bijection preserving the relation . From here it is easy to conclude that χ * is of the form
where σ ∈ S K is a permutation of K elements and for I = {i 1 , . . . , i k } we define I σ = {σ(i 1 ), . . . , σ(i k )}. Furthermore, for each I ⊂ {1, . . . , K} we get the diagram
where χ I is a birational map. In particular, χ induces birational isomorphisms χ e : F e F σ(e) , e = 1, . . . , K. However, all the varieties F e are birationally superrigid, so that all the maps χ e are biregular isomorphisms. Thus χ = (χ 1 , . . . , χ K ) ∈ Bir V is a biregular isomorphism, too: χ ∈ Aut V . Q.E.D. for the corollary.
Fano Double Spaces
2.1. The construction and main properties. Let P = P M be the complex projective space, M 5. A Fano double space of index 1 is a variety V representable as a double cover σ : V → P, branched over a smooth hypersurface W ⊂ P of degree 2M . Obviously, Pic V = ZK V , K V = −σ * H, where H is the class of a hyperplane in P. In [12] it was proved that the variety V is birationally superrigid. The double spaces of index 1 were the first known examples of birationally superrigid Fano varieties of arbitrary dimension and, more generally, it seems, the first examples of non-rational higher-dimensional Fano varieties.
The double cover V → P is completely determined by the branch divisor W . More precisely, the variety V is realized as a hypersurface of degree 2M in the weighted projective space P(1, . . . , 1, M ): let x 0 , . . . , x M be homogeneous coordinates of weight 1 (at the same time they are homogeneous coordinates on P), y a coordinate of weight M , f (x 0 , . . . , x M ) an equation of the hypersurface W , then V is given by the equation
We will use this explicit construction in the sequel.
The following fact was proved in [20] .
Theorem 2. Assume that for any point x ∈ W the pair (V, σ −1 (T x W )) is canonical at the point x. Then the variety V is divisorially canonical, that is, V satisfies the condition (C).
Proof (following [20] ). Assume the converse: there is an irreducible divisor D ∈ |nH|, H = −K V = σ * H P , where H P is the class of a hyperplane in P, such that the pair (V, Case 1. The point z = σ(x) / ∈ W . In this case let P ⊂ P be the hyperplane such that P ∋ z and V P ∩ E = B, where V P = σ −1 (P ). Such hyperplane is unique. The divisor V P is obviously irreducible and satisfies the equality mult x V P + mult B V P = 2.
Since V P ∈ |H|, this implies that V P = D. Therefore, Z = (V P •D) is a well defined effective cycle of codimension two on V . We get
which is impossible. Thus the case z / ∈ W does not realize. Case 2. The point z = σ(x) ∈ W . In this case let P = T z W ⊂ P be the tangent hyperplane. Set again V P = σ −1 (P ). We get V P ∈ |H|, mult x V P 2. The divisor V P is irreducible, so that if
since mult x D mult B D. Since there is no cycle Z, satisfying the condition (8), we conclude that D = V P . This is impossible by assumption. Q.E.D.
The condition for the pair (V, σ −1 (T x W )) to be canonical for every point x on the branch divisor is much easier to check. For a point x ∈ W fix a system of affine coordinates z 1 , . . . , z M on P with the origin at x and set
to be the equation of the hypersurface W , q i = q i (z * ) are homogeneous polynomials of degree deg q i = i. For convenience of notations assume that q 1 ≡ z 1 . Set alsō
Proposition 2.1. Assume that for every point x ∈ W in the notations above the rank of the quadratic formq 2 is at least 2. Then the assumption of Theorem 2 holds and, in particular, the variety V is divisorially canonical.
For the proof, see [20] . It is based on the connectedness principle. Thus to construct explicit examples of birationally superrigid Fano direct products, we need to produce polynomials f (x 0 , . . . , x M ) satisfying the assumption of Proposition 2.1 at every point (a 0 : · · · : a M ) such that f (a * ) = 0. But before doing this, let us show that the condition of Proposition 2.1 is essential, that is, there are smooth hypersurfaces W ⊂ P of degree 2M , which satisfy neither the assumption of Proposition 2.1 nor those of Theorem 2: in fact, the corresponding Fano double covers are not divisorially log canonical.
The Fermat hypersurface. Let us consider the equation
The corresponding hypersurface W is smooth so that we get a smooth Fano double cover
Take any 2M -root of (−1), ζ ∈ C: ζ 2M = −1. Put p = (1 : ζ : 0 : · · · : 0) ∈ W . Let P ⊂ P be the tangent hyperplane to W at p, and
Proof. For a reader familiar with the standard technique of log pairs this is almost obvious: the ramification formula [10, (20.4. 3)] reduces the question of the pair (V, D) being log canonical to the same question "downstairs" on P M for the pair (P M , P + 1 2 W ); in its turn, by inversion of adjunction this is reduced to the same question for the pair (P, 1 2 W ∩ P ). Now just blowing up the point p, we obtain a non log canonical singularity of the pair, thus completing the proof.
However, it seems appropriate to show our claim by explicit computations, for a reader who is not fluent in the language and techniques of log pairs. We need to produce a birational morphism ϕ : V → V and an exceptional divisor E ⊂ V , satisfying the log Noether-Fano inequality ν E (ϕ * D) > a E + 1, where a E is the discrepancy of E. Note that the assumption of Proposition 2.1 does not hold: in the local coordinates z 1 = (x 1 − ζx 0 )/x 0 , z i = x i /x 0 for i 2 the branch divisor W is given by the equation
so thatq 2 ≡ 0. Setting u = y/x M 0 , we can realize the variety V locally around σ −1 (p) as the hypersurface
whereas the divisor D is cut out on V by the local equation z 1 = 0 and thus is given by the equation
The origin o = (0, . . . , 0) ∈ D is an isolated singularity of D, a (very degenerate) double point. Blowing it up, in the chart say z 2 = 0 we get the equation
, which means that now the whole hyperplane {u = 0} in the exceptional divisor {z 2 = 0} of the blow up consists of double points of the strict transform D + of the divisor D. Blowing the singular hyperplane up, we come to the equation
, and again the singular set of this hypersurface is the hyperplane {u = 0} in the exceptional divisor. After k = M − 2 iterations of this construction (including the previous blow up), we get the hypersurface
the singularities of which are now completely resolved by one more blow up of the hyperplane {u = 0} in the exceptional divisor. The constructed sequence of blow ups can be looked at as the restriction onto D and its successive strict transforms of the sequence of blow ups
. . , M , where B 0 = o is the origin, and B j ⊂ E j are irreducible subvarieties of codimension 2 in
where
Therefore, the variety V , branched over the Fermat hypersurface, is not divisorially log canonical (the more so, not divisorially canonical). We now proceed to the main task of this paper, that is, producing explicit examples of divisorially canonical Fano double spaces.
Formulation of the main result.
From now on we assume that M 8. We construct our examples as small deformations of the Fermat hypersurface. Let
. . , M − 4, be linear forms. Set A = max{|l ij |}. We assume that A 1. are linear independent. Then the Fano double space determined by the branch divisor
is a smooth divisorially canonical Fano variety for any ε = 0 satisfying the inequality
(ii) For any positive real numbers a 0 < · · · < a M the linear forms
satisfy the assumption of the part (i).
(iii) Any Fano complete intersection given by the system of equations
. . , k, in the product of weighted projective spaces P(1, . . . , 1, M ) ×k , is birationally superrigid, where the polynomials f i are of the type described in part (i).
Proof of the theorem is given below in Sec. 3. Here we just note that the part (iii) follows directly from the part (i) and Theorem 1. Part (ii) is an elementary fact and will be checked below. We need it to be able to write down explicit equations of birationally superrigid Fano varieties.
3. Divisorially Canonical Double Spaces 3.1. Smoothness. We need the inequality (9) for the hypersurface W = {f = 0} to be smooth only. Assume the converse: some point p = (a 0 : a 1 : · · · : a M ) ∈ W is singular. To simplify the notation, let us assume furthermore that |a 0 | = max{|a i |}, so that in the standard affine chart {x 0 = 0} ∼ = C M we get p ∼ (b 1 , . . . , b M ) with |b i | 1. Since p ∈ W is a singularity, we get
and
If ε satisfies the inequality (9), we obtain a contradiction, since the absolute value of the left-hand side of (10) is strictly smaller than 1. Therefore, the hypersurface W and the variety V are smooth.
3.2. The rank of the quadratic form. We use the notations introduced above for a (smooth) point p = (b 1 , . . . , b M ) ∈ W . Let y i = x i /x 0 be the standard affine coordinates on {x 0 = 0}, z i = y i − b i their shift to the point p. The hypersurface W is given in terms of z * by the equation
which we already know to be non-zero, and
We need the quadratic formq 2 = q 2 | {q 1 =0} to be of rank at least 2 (Proposition 2.1). Now by assumption among the 2M − 4 numbers
at most M are equal to zero, so that q 2 (z * ) is representable in the form
where M − 4 m 2M − 4, R i (z * ) are linear forms and any M linear forms in the set R 1 , . . . , R m are linear independent (to obtain this presentation, we just delete from the right-hand side of (11) all summands with zero factors b
. . , R m are linear independent. Therefore we may assume that
are linear independent. Now it is easy to see that
which is what we need. Case 2. Now assume that m M + 1 and rkq 2 1. We can find (M − 1) forms, say R 1 , . . . , R M −1 , such that the forms R 1 | {q 1 =0} , . . . , R M −1 | {q 1 =0} are linear independent. Set
We get α = (−β) +q 2 , where in the left hand side we have a quadratic form of the full rank (M − 1) whereas in the right hand side we have a quadratic form of a rank rk β + rkq 2 (M − 3) + 1 = M − 2, which is a contradiction.
In any case rkq 2 2, as required. Q.E.D. for the claim (i). Proof. We argue by induction on k. The case k = 1 is obvious (since a 1 > 0 by assumption). In fact, the case k = 2 is obvious, either: 
where C j 2 ,...,j k are polynomials in a 1 , . . . , a k , taking positive values and 0 j 2 < i 2 j 3 < i 3 · · · j k < i k . By induction hypothesis, this formula implies the claim of our proposition. We obtain (12) in three steps.
(1) We may assume that i 1 = 0: obviously, (a 2 , . . . , a k ; j 2 , . . . , j k ), where (k − 1)-uples j 2 , . . . , j k satisfy the inequalities 0 j 2 < i 2 j 3 < · · · < i α−1 j α < i α · · · < i k , so that, in particular, the condition j 2 < j 3 < · · · < j k holds, N ∈ Z + is some positive integer, N = N (i 2 , . . . , j k ). This completes the proof of Proposition 3.1 and Theorem 3 as well.
To complete the paper, let us give an example of a divisorially canonical Fano double space, defined over Z:
.
